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THE FARRELL–JONES CONJECTURE FOR NORMALLY POLY-FREE
GROUPS
BENJAMIN BRU¨CK, DAWID KIELAK, AND XIAOLEI WU
Abstract. We prove the K- and L-theoretic Farrell–Jones Conjecture with coefficients in
an additive category for every normally poly-free group, in particular for even Artin groups
of FC-type, and for all groups of the form A ⋊ Z where A is a right-angled Artin group.
Our proof relies on the work of Bestvina–Fujiwara–Wigglesworth on the Farrell–Jones
Conjecture for free-by-cyclic groups.
Introduction
Recently, Bestvina, Fujiwara, and Wigglesworth proved the Farrell–Jones Conjecture
for free-by-cyclic groups where the free group has finite rank [6]. The purpose of this note
is to extend their result and to allow the free group to have infinite rank. More generally,
we will deal with all normally poly-free groups. Recall that a group G is called normally
poly-free if it admits a chain of subgroups 1 = G0 ≤ G1 ≤ · · · ≤ Gn−1 ≤ Gn = G, such
that eachGi is normal in G andGi/Gi−1 is a free group of possibly infinite rank. Our main
theorem can be stated as follows.
Theorem A. The K- and L-theoretic Farrell–Jones Conjecture with finite wreath products
and coefficients in an additive category is true for normally poly-free groups.
For more information about the Farrell–Jones Conjecture with finite wreath products
and coefficients in an additive category (which we will abbreviate to FJCw) we refer to
[24, Section 2.3].
Normally poly-free groups have two related families. The more classical one is the
family of poly-free groups, where each Gi is only required to be normal in Gi+1. The
second one, defined by Aravinda, Farrell, and Roushon [1], consists of strongly poly-free
groups, which are normally poly-free and where each quotient Gi/Gi−1 is a free group of
finite rank, such that the conjugation action of G/Gi−1 onGi/Gi−1 can be realized by some
surface homeomorphism. Aravinda, Farrell, and Roushon showed that FJCw holds for all
strongly poly-free groups. As a corollary, they proved the conjecture for pure braid groups.
Thus one might expect that our theorem can be used to verify the Farrell–Jones Conjecture
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for more Artin groups. Indeed, in [7], Blasco-Garcia, Martinez-Pere´z, and Paris showed
that even Artin groups of FC-type (see subsection 1.2 for the definition) are poly-free.
A careful reading of their paper, in particular [7, Proposition 3.2], shows that even Artin
groups of FC-type are actually normally poly-free. Hence we have the following.
Corollary B. The K- and L-theoretic Farrell–Jones Conjecture with finite wreath products
and coefficients in an additive category is true for every even Artin group of FC-type.
Remark 1. Osajda and Huang have independently obtained a proof of the Farrell–Jones
Conjecture for all Artin groups of FC-type [13]. Sayed K. Roushon has also proved the
conjecture for some classes of Artin groups [19].
Potentially, our theorem could be applied to more Artin groups. In [5, Question 2] and
the discussions below it, Bestvina asks whether all Artin groups are virtually poly-free. So
one might further ask whether all Artin groups are virtually normally poly-free. To the best
of the authors’ knowledge, this question remains open.
Our main theorem offers also another application. Given a simplicial graph Γ, we can
associate to it a right-angled Artin group AΓ defined as follows: the generators of AΓ are
the vertices of Γ; for any two vertices v and w which are connected by an edge, we add a
relation [v,w] = 1. Note that right-angledArtin groups are CAT(0) groups, so, in particular,
they satisfies FJCw [3, 23]. With the help of Theorem A, we are able to extend this to the
following.
Theorem C. Let Γ be a finite simplicial graph and let AΓ be the corresponding right-
angled Artin group. The K- and L-theoretic Farrell–Jones Conjecture with finite wreath
products and coefficients in an additive category is true for every group of the form AΓ⋊ f Z,
where f is an automorphism of the group AΓ.
Remark 2. Note that our results also hold for the Farrell–Jones Conjecture in A-theory
since all the results and inheritance properties we used in our proof also holds for A-theory
[9, 10, 14].
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1. Preliminaries
1.1. Farrell–Jones Conjecture. We list some inheritance properties and results on FJCw
which we need to prove our main results; these results can be found for example in [24,
Section 2.3] and [12], see also [18] for a survey about the current status of the conjecture.
The last item is the recent result of Bestvina, Fujiwara and Wigglesworth. Note that they
did not state their result for the Farrell-Jones Conjecture with finite wreath product version.
But since their proof only relies on inheritance properties, Bartels’ result on relative hy-
perbolic groups and Knopf’s result on groups acting acylindrically on trees, by [2, Remark
4.7] and [15, Corollary 4.4], their result also holds for FJCw.
Theorem 1.1. (1) If a group G satisfies FJCw, then every subgroup H1 ≤ G and every
finite index overgroup H2 ≥ G satisfies FJCw.
(2) If G1 and G2 satisfy FJCw, then the direct product G1 ×G2 and the free product G1 ∗G2
satisfy FJCw.
(3) Let {Gi | i ∈ I} be a directed system of groups (with not necessarily injective structure
maps). If each Gi satisfies FJCw, then the colimit colimi∈IGi satisfies FJCw.
(4) Let φ : G → Q be a group homomorphism. If Q, Ker(φ) and φ−1(C) satisfy FJCw for
every infinite cyclic subgroup C ≤ Q, then G satisfies FJCw.
(5) CAT(0) groups satisfy FJCw.
(6) Virtually solvable groups satisfy FJCw.
(7) Fundamental groups of graphs of abelian groups satisfy FJCw.
(8) F ⋊ Z satisfies FJCw, where F is a free group of finite rank.
1.2. Artin groups. We give a quick review of Artin groups, see [17] for more information.
An Artin group (or generalized braid group) A is a group with a presentation of the form
〈x1, x2, · · · , xn | 〈x1, x2〉
m1,2 = 〈x2, x1〉
m2,1 , · · · , 〈xn−1, xn〉
mn−1,n = 〈xn, xn−1〉
mn,n−1 〉
where mi, j = m j,i ∈ {2, 3, . . . ,∞}, i < j, and for mi, j ∈ {2, 3, . . . }, 〈xi, x j〉
mi, j denotes an
alternating product of xi and x j of length m, beginning with xi. For example 〈x1, x3〉
3 =
x1x3x1. When mi, j = ∞, there is (by convention) no relation for xi and x j. An Artin group
is called even if mi j is an even integer or∞ for every i, j. It is a right-angled Artin group
(RAAG) if mi j is either 2 or∞ for every i, j.
This data can be encoded by a Coxeter diagram, that is a labelled graph with n vertices
x1, · · · , xn, where two vertices xi and x j are connected by an edge if 2 ≤ mi, j < ∞ and
edges are labeled by mi, j whenevermi, j ≥ 3. If mi, j = ∞, we do not connect the vertices by
an edge.
Given an Artin group with the above presentation, one further obtains a Coxeter group
W by adding the relation x2
i
= 1 for all i. We say that the Artin group A is of spherical
type if the associated Coxeter groupW is finite.
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Given a subset T of {x1, x2, · · · , xn}, we denote by AT (resp. WT ) the subgroup of A
(resp. WT ) generated by T , and by ΓT the full subgraph of Γ spanned by T . Here each
edge of ΓT is labeled with the same number as its corresponding edge of Γ. The groupWT
is the Coxeter group of ΓT [8], and AT is the Artin group of ΓT [22]. Now a subset T of
{x1, x2, · · · , xn} is called free of infinity if ms,t , ∞ for all s, t ∈ T . We say that the Artin
group A is of FC-type if AT is of spherical type for every free of infinity subset T of the
generating set {x1, x2, · · · , xn}.
2. FJCw for normally poly-free groups
In this section we prove that FJCw holds for normally poly-free groups.
Lemma 2.1. Let G be a group and f be an automorphism of G. If the semidirect product
G ⋊ f Z satisfies FJCw, then for every subgroup H of G, the HNN-extension
GH = 〈G, t | tht
−1 = f (h), h ∈ H〉
also satisfies FJCw.
Proof Let q : GH → G ⋊ f Z denote the natural quotient map. Since GH is an HNN-
extension, it acts on the corresponding Bass-Serre tree T with vertex stabilizers all conju-
gate to G. Now the kernel of q as a subgroup of GH also acts on T . Moreover, it acts on T
with trivial vertex stabilizers since q maps the vertex stabilizer G (and every conjugate of
G) injectively into G ⋊ Z. Hence the kernel of q is a free group, which satisfies FJCw.
Now given any infinite cyclic subgroup C of G ⋊ Z, if C does not lie in G ⋊ 0, then
q−1(C) again acts freely on T . Hence q−1(C) is also a free group in this case. On the other
hand, if q−1(C) ≤ G ⋊ 0, then q−1(C) acts on T with cyclic stabilizers since q restricted to
G is injective (hence q restricted to any vertex stabilizer is injective). Thus q−1(C) is the
fundamental group of some graph of cyclic groups. By Theorem 1.1 (7), the group q−1(C)
satisfies FJCw. Now since G ⋊ f Z also satisfies FJCw, Theorem 1.1 (4) implies that GH
satisfies FJCw. 
Note that the same proof also shows the following proposition, which might be of inde-
pendent interest.
Proposition 2.2. Let G be an HNN-extension of H along two subgroups. Suppose that we
have a map q : G → N such that q is injective when restricted to H. If N satisfies FJCw,
then G also satisfies FJCw.
Corollary 2.3. Let G be a group which satisfies FJCw. Then for every subgroup H of G,
the HNN-extension 〈G, t | tht−1 = h, h ∈ H〉 also satisfies FJCw.
Proof This follows from the fact that G × Z also satisfes FJCw. 
In order to extend the Bestvina–Fujiwara–Wigglesworth result from finite rank free-by-
cyclic groups to the infinite rank case, we need the following theorem.
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Theorem 2.4. [11, Theorem 4.4] If F is a free group, F = A ∗ B, H is a subgroup of F and
if A ≤ H, then there is a subgroup C of H for which H = A ∗C.
We are now ready to prove the following.
Theorem 2.5. Let F be a (countable) free group of infinite rank and f an automorphism
of F. Then the group G = F ⋊ f Z satisfies FJCw.
Proof Assume the free basis of F is {x1, x2, . . . , xi, . . . , } and denote the subgroup gener-
ated by {x1, x2, . . . , xn} by Fn. Given i > 0, let ni ≥ i be the smallest natural number such
that f (x j) is contained in the subgroup Fni for every 1 ≤ j ≤ i. Let
fi : Fi → Fni
be the restriction of f to Fi. Now let Gi be the corresponding HNN-extension of Fni , i.e.
Gi = 〈Fni , ti | tixt
−1
i = fi(x), for any x ∈ Fi〉
Notice thatG is a colimit ofGi. So by Theorem 1.1 (3), we only need to show that eachGi
satisfies FJCw.
Now let F¯i be the free subgroup of F generated by {xi+1, xi+2, · · · }. Then F = Fi ∗ F¯i.
Since f is an automorphism of F, we also have F = f (Fi) ∗ f (F¯i). Now Fni is a subgroup
of F and f (Fi) ≤ Fni , and so by Theorem 2.4 there is a subgroup Ci of Fni such that
Fni = f (Fi) ∗ Ci. Notice that Ci is a free group of rank ni − i. Choosing a free basis of
Ci, we can now complete the injection map fi : Fi → Fni to an automorphism of Fni by
mapping the remaining basis elements xi+1, · · · , xn bijectively to the basis of Ci. Denoting
the map by f¯i, we have a free-by-cyclic group Fni ⋊ f¯i Z which in particular satisfies FJCw.
By Lemma 2.1, the groupsGi also satisfy FJCw for every i. 
Proof of Theorem A. Recall a groupG is called normally poly-free if it has a chain of
subgroups 1 = G0 ≤ G1 ≤ G2 · · ·Gn−1 ≤ Gn = G, such that each Gi is normal in G and
Gi/Gi−1 is a free group of possibly infinite rank. We prove FJCw forG by induction on the
length n. Suppose FJCw is true for all normally poly-free groups of length n − 1. We have
the following short exact sequence forG:
0 −−−−−→ G1
i
−−−−−→ G
q
−−−−−→ G/G1 −−−−−→ 0,
Now G/G1 has length n − 1 and satisfies FJCw by induction. Thus by Theorem 1.1 (4),
we only need to show that for every infinite cyclic subgroup C in G/G1, the group q
−1(C)
satisfies FJCw. But since G1 is a free group, the group q
−1(C) is free-by-cyclic. And now
by Theorem 2.5, q−1(C) satisfies FJCw.
3. FJCw for RAAG-by-cyclic groups
In this section we prove FJCw for RAAG-by-cyclic groups. We first need some discus-
sions about RAAGs and their automorphisms and refer to [4] for more details.
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Given a simplicial graph Γ, let lk(v) and st(v) denote the link and star of a vertex v of
Γ, respectively. An important tool for studying automorphisms of RAAGs is the so-called
standard ordering on the vertex set V(Γ) of Γ. It is the partial pre-order that is given by
v ≤ w if and only if lk(v) ⊆ st(w). This induces an equivalence relation on V(Γ) whose
equivalence classes are denoted by [·]. The standard ordering induces a partial order on the
equivalence classes where we say [v] ≤ [w] if v ≤ w (this does not depend on the choice of
representatives). It is easy to check that for all v ∈ V(Γ), the subgroup A[v] is either a free
or a free abelian group of rank equal to the size of [v]. For more details about this ordering
and the equivalence relation, see [4, Section 2].
In the sequel, given a subgroup B ≤ AΓ and an element g ∈ AΓ, we will denote the
conjugate of B by g by Bg.
Lemma 3.1. Let T = [v] be a standard equivalence class of V(Γ). The normal closure
⟪AT⟫ of AT in AΓ is given by the free product ⟪AT⟫ =
(
∗g∈XA
g
T
)
∗ F, where F is a free
group and X is a system of coset representatives of ⟪AT⟫\AΓ/Ast[v]
Proof The group AΓ decomposes as an amalgamated product AΓ = Ast[v] ∗Alk[v] AV(Γ)\T ,
where lk[v] =
⋂
v′∈[v] lk(v
′) and st[v] = lk[v] ∪ [v]. Let q : AΓ → AV(Γ)\T denote the natural
quotient map obtained by killing the generators in T . Note that the obvious embedding
AV(Γ)\T → AΓ shows that q is in fact a retract. The kernel of q is precisely the normal
closure of AT . Hence we have ⟪AT⟫ ∩ AV(Γ)\T = {1}. In particular, ⟪AT⟫ ∩ Alk[v] = {1}.
Hence, Kurosh’s theorem ([20, Chapter I, Theorem 14]) implies that
⟪AT⟫ =
(
∗g∈X⟪AT⟫ ∩ A
g
st[v]
)
∗ F,
where F is free and X is a system of coset representatives of ⟪AT⟫\AΓ/Ast[v].
Since Ast[v] = AT × Alk[v], we immediately see that ⟪AT⟫ ∩ Ast[v] = AT . Now using that
⟪AT⟫ is normal, it follows that for all g ∈ AΓ, we have ⟪AT⟫∩A
g
st[v]
=
(
⟪AT⟫ ∩ Ast[v]
)g
= A
g
T
which finishes our proof. 
Corollary 3.2. For every standard equivalence class T = [v] of V(Γ), the subgroup ⟪AT⟫
and every semidirect product ⟪AT⟫ ⋊ Z satisfy FJCw.
Proof We begin with ⟪AT⟫. Abelianisation gives us a map p : ⟪AT⟫ → ⟪AT⟫
ab. Its
image is abelian and hence satisfies FJCw. Its kernel is given by
[
⟪AT⟫, ⟪AT⟫
]
. By Bass-
Serre theory, the commutator subgroup of a free product of free and free abelian groups
is a free group and hence satisfies FJCw. Using Theorem 1.1 (4), we need to verify that
for every infinite cyclic subgroup C of ⟪AT⟫
ab, the preimage p−1(C) also satisfies FJCw.
However, such a preimage is a free-by-cyclic group and thus satisfies FJCw by Theorem
A.
The argument for ⟪AT⟫⋊Z is almost identical: Abelianisation induces a surjective map
q : ⟪AT⟫ ⋊ Z → ⟪AT⟫
ab
⋊ Z. Its image is solvable, its kernel is again the free group
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[
⟪AT⟫, ⟪AT⟫
]
and for every infinite cyclic subgroupC of ⟪AT⟫
ab
⋊Z, the preimage q−1(C)
is free-by-cyclic. 
By the work of Laurence [16] and Servatius [21], the group Aut(AΓ) is generated by au-
tomorphisms of the underlying graph Γ together with three kinds of automorphisms which
are commonly called transvections, inversions and partial conjugations. Let Aut0(AΓ) be
the subgroup generated by all the transvections, inversions and partial conjugations of
Aut(AΓ) (but not the graph automorphisms). This is a finite-index subgroup of Aut(AΓ)
and it has the property that whenever T = [v] is a standard equivalence class of V(Γ) that
is maximal with respect to the standard ordering, every element f ∈ Aut0(AΓ) sends AT to
a conjugate of itself (see [4, Proposition 3.2]).
Proof of Theorem C.We do an induction on the number of vertices of Γ. If AΓ is a free
or a free abelian group, AΓ ⋊Z is either free-by-cyclic or solvable and hence satisfies FJCw
by Theorem 1.1 (6) and (8). If this is not the case, every standard equivalence class forms
a proper subset of V(Γ). Let T = [v] be a maximal such equivalence class.
The group Aut0(AΓ) has finite index in Aut(AΓ), so there is a natural number k such
that f k ∈ Aut0(AΓ). The group AΓ ⋊ f k Z = AΓ ⋊ f kZ has finite index in AΓ ⋊ f Z, so by
Theorem 1.1 (6), it satisfies FJCw if and only if AΓ ⋊ f Z does. Hence, we may assume that
f ∈ Aut0(AΓ).
As every element of Aut0(AΓ) sends AT to a conjugate of itself, the automorphism f
stabilizes ⟪AT⟫. Consequently, we get a quotient map q : AΓ⋊ f Z→ AΓ/⟪AT⟫⋊ f¯ Z, where
f¯ is the induced map on AΓ/⟪AT⟫. The group AΓ/⟪AT⟫ is isomorphic to AV(Γ)\T , so the
image of q satisfies FJCw by induction. The kernel of q is ⟪AT⟫ and thus satisfies FJCw by
Corollary 3.2. Given an infinite cyclic subgroupC of AΓ/⟪AT⟫ ⋊ f¯ Z, the preimage q
−1(C)
is of the form ⟪AT⟫ ⋊ Z, so it satisfies FJCw by Corollary 3.2 as well. The claim now
follows again from Theorem 1.1 (4). 
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